
A S O L U T I O N  O F  T H E  P R O B L E M  O F  P L A N E - P A R A L L E L  

P R E S S U R E - N O N P R E S S U R E  F L O W  

A.  B e g m a t o v  

A so lu t i on  is ob ta ined  for  a p r o b l e m  of  p r e s s u r e - n o n p r e s s u r e  flow on the a s s u m p t i o n  that  t h e r e  is  no 
s e e p a g e  f r o m  the r o o f  of the  bed .  G. I. B a r e n b l a t t ' s  method  of i n t e g r a l  r e l a t i o n s  is  u s e d  to so lve  the p r o b -  
l e m  with  a l l o w a n c e  for  s e e p a g e .  The  r e s u l t s  show that  it is  su f f i c i en t  to conf ine  o n e s e l f  to the  f i r s t  a p -  
p r o x i m a t i o n .  

R e f e r e n c e  [1] is  c o n c e r n e d  with the  mot ion  of a f luid in a bed  with a s l i g h t l y  p e r m e a b l e  roo f  and an 
i m p e r m e a b l e  f loor .  In the c a s e  of p l a n e - p a r a l l e l  mo t ion  th i s  p r o b l e m  r e d u c e s  to the  so lu t i on  of  the  s y s t e m  
of  equa t i ons  

Oh 0 [ 3h ~ ko 
~ - ~ =  k ~  ~h~) + e0, q0 =-s (H0 + % ' .~ )  (0<~ <z(t))l 

Ox ~" - -  O )  ~ (H - -  Ho) ~ O, co ~ - -  '~o kmmo (l (t) ~ x < c~) , 

(I) 

H e r e  h is the  o r d i n a t e  of  the  f r e e  s u r f a c e ;  H, the head  in the bed;  H0, the head ou t s ide  the  roo f  of  the 
bed  and at x ~ ,~; h V is the height  of the  l iquid  co lumn  c o r r e s p o n d i n g  to the  p r e s s u r e  in the  u n d e r p r e s s u r e  
zone; # is  the  w a t e r  y i e ld  coef f i c ien t ;  k and k 0 a r e  the  p e r m e a b i l i t i e s  of  the  bed  and the roof;  m and m 0 a r e  
the  t h i c k n e s s  o f  the  bed  and the roof;  /(t) is  the  mov ing  i n t e r f a c e  of the zones  of p r e s s u r e  and n o n p r e s s u r e  

flow. 

V. I. P a n k o v s k i i  [1] i n t r o d u c e s  t he  new v a r i a b l e  y = x / ' / ,  and then,  l i n e a r i z i n g  and n e g l e c t i n g  c e r -  
t a in  t e r m s  in the  f i r s t  equa t ion  of  s y s t e m  (1), s o l v e s  the l a t t e r  for  the fo l lowing  cond i t i ons :  

h it (t),tl = m, l (0) = 0 ,  q0 = 0 , 

.' Oh \ aH Oh (2) 

w h e r e  Q ,  is  the  c r i t i c a l  flow; the cond i t i on  fo r  p r e s s u r e - n o n p r e s s u r e  flow is Q > Q , .  

Below we p r e s e n t  the e x a c t  (q0 = 0) and a p p r o x i m a t e  so lu t i ons  of l i n e a r i z e d  s y s t e m  (1) ob ta ined  by  
the  me thod  of i n t e g r a l  r e l a t i o n s  [2]. in th i s  c a s e  it is p o s s i b l e  to conf ine  o n e s e l f  to the  f i r s t  a p p r o x i m a -  
t ion ,  s i n c e  a c o m p a r i s o n  of the  e x a c t  and a p p r o x i m a t e  so lu t i ons  at q = 0 g i v e s  qui te  good r e s u l t s .  

By l i n e a r i z i n g  the f i r s t  equa t ion  of  s y s t e m  (1) in a c c o r d a n c e  with the  s econd  me thod ,  s e t t i n g  u = h 2, 

we ob ta in  

au : a~u k l / u  km 
ot = a T '  ~ =  ~ ~ ( q o = 0 ) ,  (3) 

Not ing  tha t  the  s econd  equa t ion  of the  s y s t e m  has  the  so lu t i on  
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we r e w r i t e  c o n d i t o n s  (2) a s  f o l l o w s :  

H = / / 0 - -  (go+  h v  - -  m) e -~ 

u [l (t), t] = m 2, (au I Ox)x= o = 2Q I k = Qo 

(a .  I oz)~=~ = 2ra0) (H0 + h v --  m) = 2Q. / k = QI , 
(4) 

If  we s e t  

q = a .  / a~, ' ~ = z / 2a V'a-~, l (t) = 2 a  ] / -~i"  

then, instead of (3), we obtain 

d~q ~ 2ar~ dq ~ _  - ~ = 0  

w h e r e  ~ i s  a s t i l l  u n k n o w n  c o n s t a n t .  

In t h i s  c a s e  we  c a n  r e t u r n  to  t h e  o r i g i n a l  f u n c t i o n  u in  a c c o r d a n c e  w i t h  t h e  e q u a t i o n  

f 

o 0 

T h e  s o l u t i o n  o f  Eq .  (5) w i t h  c o n d i t i o n s  (4) is  

z 

Q , - Q 0  " 
q ( ~ ) = C e r f ( : t ~ ) ~ Q o  C :  erfcr ' e r f z =  e - ~ a y .  

0 

F r o m  (6) we f i nd  t h e  u n k n o w n  f u n c t i o n  

(5) 

(6) 

(7) 

, a t \ , i ~ r  --z~-_1 ] Qox}. ,~(~,t)~,~'- l-2C(--~-) ' / :-FC{~erf(~)+2t~ -) LexP-GE -i- (8) 

H e n c e  f r o m  t h e  f i r s t  c o n d i t i o n  we o b t a i n  t h e  f o l l o w i n g  t r a n s c e n d e n t a l  e q u a t i o n  f o r  d e t e r m i n i n g  ~: 

V~a6erfcr  ( i - - 5 )  exp ( - - a  e) ( 6 =  Q ~ / Q ) .  

S o l u t i o n  (8) of  Eq .  (3) c a n  b e  r e p r e s e n t e d  in  t h e  f o l l o w i n g  d i m e n s i o n l e s s  f o r m :  

(9) 

P :  4Q ] f ~  =h~ err c~,-- 7~(1 --A) (10) 

w h e r e  

c o  

x i - -  5 
i e r f c~ ,=  erfcycly, ~'--  2 ]/'att ' A = ~  

We n o t e  t h a t  a s  5 ~ 0,  c~ * co and  (10) is  t h e  s o l u t i o n  of  t h e  w e l l - k n o w n  f i l t r a t i o n  p r o b l e m .  

If  s e e p a g e  f r o m  a b o v e  i s  t a k e n  in to  a c c o u n t ,  i n s t e a d  of  t he  f i r s t  e q u a t i o n  of  s y s t e m  (1),  s e t t i n g  u = 
1 - h 2 / m  2 + e t / m  2, we o b t a i n  

Ou O~u ko mqo (11) 
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The  s o l u t i o n  of  t h i s  e q u a t i o n  is found in t h e  f o r m  

u (~, ~) = Uo ( #  + ~, (# (~ / ~o) + u~ (# (~ / ~o)~ (~o = co ~ ) .  

F r o m  c o n d i t i o n  (2) 

(i2) 

u (~o, ~) = eo~, 

/ P , , ~  2Q, 
2o) m i - -  a~ 

8o = StooP, / ko m~ 

we f ind 

r 
uo = 8o~" - -  t/2(al -~, a~)~o, ul  = a1~o, u 2 = t /2(a~ --- al)~o 

In t h i s  c a s e  in o r d e r  to d e t e r m i n e  the  m o v i n g  b o u n d a r y  ~0(~-) we h a v e  the  f o l l o w i n g  e q u a t i o n  [2]: 

(i3) 

ud~ = - ~ -  ~=~o - \-5~/~.=0 ~ (~o, T) d-7-' 
o 

~o (0) = 0 

o r  u s i n g  (13), 

2~od~o 3dr  
8 o  ~o + a l - -  a ,  - a~ + V~al " 

(14) 

I n t e g r a t i n g  t h i s  e q u a t i o n ,  we f ind  

/ eo~o ~ 3Coax (15) 

F r o m  (14) we h a v e  d~ : 0 at  }0 = (a2 - al)/~-o; on the  o t h e r  hand,  f r o m  (15) we h a v e  }0 ~ (a2 - a l ) / e0  
as  ~- ~ o o  o r ,  in t h e  p r e v i o u s  n o t a t i o n ,  l ~ l(oo) = (Q - Q*) /q0  as  t ~ oo. 

T h i s  s h o w s  tha t  a s  t ~ ~o the  f low Q a s  a who le  is m a d e  up of  t he  l a t e r a l  in f low Q ,  and the  in f low 

f r o m  a b o v e  %.  C o n s e q u e n t l y ,  in the  p r e s e n c e  of  s e e p a g e  f r o m  a b o v e ,  a s  d i s t i n c t  f r o m  t h e  p r e v i o u s  c a s e ,  

in wh ich  the  s o l u t i o n  is  v a l i d  at h >- 0, t h e r e  is  a c e r t a i n  l i m i t i n g  s i t u a t i o n  c o r r e s p o n d i n g  to s t a t i o n a r y  m o -  

t ion .  

E q u a t i o n  (15) c a n  b e  r e p r e s e n t e d  in t he  f o l l o w i n g  c o n v e n i e n t  f o r m :  

In (l --  lo) -}- lo = 3~ [ (~  -- t)(t -t- 2~)]-', lo = l (t) / l (x~), (16) 

When  q0 = 0 f r o m  (12), (13) and (14) we o b t a i n  t h e  f o l l o w i n g  s o l u t i o n :  

a l - } - a ~  [ ~ ~ . az--al(  ~ )2 6(al--a2)v 

o r ,  s u b s t i t u t i n g  t h e  v a l u e s  of  a 1 and a2, c a r r y i n g  ou t  c e r t a i n  t r a n s f o r m a t i o n s  and r e t u r n i n g  to t h e  p r e v i o u s  

n o t a t i o n ,  

p =  - -  k(m ~ - h  e) a [ ( x ) ( z )~] 
4Q ~f~ -- 2 I+6- -2  -/-- -F(i--8) -~- 

/ l - -  6 \'/~ 

(17) 

(is) 

We p r e s e n t  v a l u e s  of  ~ = c~', c a l c u l a t e d  f r o m  the  l a t t e r  e q u a t i o n  and v a l u e s  of  t h e  r o o t s  (a  = a " )  of  
t r a n s c e n d e n t a l  e q u a t i o n  (9); a c o m p a r i s o n  s h o w s  tha t  it is s u f f i c i e n t  to c o n f i n e  o n e s e l f  to  the  f i r s t  a p p r o x -  

i m a t i o n .  
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~-~0.95 0.90 0.85 0.80 0.70 0.60 0.50 0.40 
u~0.i608 0.23i5 0.2889 0.3402 0.4344 0.5257 0.620i 0.7233 
~ '~0 . i608  0.2315 0.2887 0.3397 0.4332 0.5222 0.6i25 0.7050 

In the  s a m e  way,  it is  e a s y  to ob t a in  an a p p r o x i m a t e  so lu t i on  for  the  i s o l a t e d  p r e s s u r e  bed  c o n -  
s i d e r e d  in [3]. 
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